Abstract. We provide rapidly converging formulae for the Riemann zeta function at odd integers using the Lambert series Lq(s) = ∞ n=1 n s q n /(1−q n ), s = −(4k ± 1). Our main formula for ζ(4k − 1) converges at rate of about e − √ 15π per term, and the formula for ζ(4k + 1), at the rate of e −4π per term. For example, the first order approximation yields ζ(3) ≈ ) which has an error only of order 10 −10 .
Introduction
In a recent paper [3] we analyzed the |q| → 1 − asymptotic behavior of a Lambert series of the type For odd positive integer s values, the Lambert series is related to the Eisentein series
that are modular in nature [2] . In this paper we focus on the Lambert series at negative odd integer values of s = −(4k ± 1), k = 1, 2, 3, ... and at x = 1. This Lambert series is related to the Riemann zeta function at the corresponding positive integer values, ζ(4k ± 1), [4] . Our main results are stated in Sections 3, 4, and 5 where we provide a series of rapidly converging formulae for ζ(4k ±1). Where comparison is possible, our results agree with those obtained using powerful computational methods [5, 7] .
Lambert series
In this section we focus on the Lambert series at negative odd integer arguments and x = 1. Since x is set to 1 in this paper, to avoid redundancy we use the notation L q (s, 1) ≡ L q (s).
Theorem 2.1. For odd negative integers s the Lambert series at x = 1 satisfies the following relations:
(1) For s = −1,
(−1) = 1 2 log t − π 6 sinh(log t).
(2) For s = −(4k − 1) = −3, −7, −11, . . ., where B k is the kth Bernoulli number and δ jk is the Kronecker delta.
Remark Although the theorem is stated for negative odd integer arguments of the Lambert series, it holds true for positive odd arguments as well. The results for positive odd arguments, obtained by using negative k values in the theorem, reproduce modular properties of the Eisenstein series (1.3).
Proof. For the s = −1 case, by taking the logarithm of the complete expansion of the q-Pochhammer symbol provided in the Referee Remark 3.3 of Ref. [3] we get (2.1)
where q = e −t and Li s (q) is the polylogarithm function. Replacing t with 2πt and rearranging the terms completes the proof.
For s = −4k+1 we begin with the result in Corollary 2.4(2) of Ref. [3] . Replacing t with 2πt, writing ζ ′ (2 − 4k) in terms of ζ(4k − 1), and writing the zeta function at even arguments in terms of Bernoulli numbers gives
The right hand side of the equation above is completely symmetric with respect to a t → 1/t transformation. Thus adding t 2k−1 L e − 2π t (−4k + 1) to the left hand side of the equation to make it completely symmetric yields the result in the theorem. Note that such symmetry arguments only guarantee numerical accuracy. However, a comparison with Entry 21(i) in [4] shows that the result is exact, and there are no other error terms. In the final result the B 2 2k term is included in the sum over j by using δ jk and extending the limit of the sum from k−1 to k.
Similarly, for s = −4k − 1 case from Corollary 2.4(2) of Ref. [3] we obtain
In this case the right hand side of the equation is antisymmetric with respect to a t → 1/t transformation. Thus, we add t [4] shows that the result is exact, which yields the result in the theorem. Corollary 2.2. For positive odd integers (4k − 1) = 3, 7, 11, ... we have
Proof. Substituting t = 1 in Theorem 2.1(2) and solving for ζ(4k − 1) completes the proof.
Corollary 2.3. For positive odd integers (4k + 1) = 5, 9, 13, ... we have
,
Proof. Differentiating Theorem 2.1(3) with respect to t at t = 1 and solving for ζ(4k + 1) completes the proof. In Corollary 2.3 we established a formula for ζ(4k + 1) that involved the Lambert series and its derivative with respect to q at q = e −2π . In this section we establish three new formulae for ζ(4k + 1) that are in terms of the Lambert series only, and not its derivative.
First, we prove a general identity for the Lambert series that is true for all s values in the form of the following lemma.
Lemma 3.1. For any positive prime integer p and s ∈ C the Lambert series at x = 1 satisfies:
Proof. Writing the Lambert series in terms of the divisor function using (1.2) gives
where p|l indicates sum only over integers l that are divisible by p. Rewriting the two infinite sums in terms of Lambert series using (1.2) and multiplying by p on both sides proves the lemma. In the proof above we used the following property of the divisor function [1] 
where σ s ( l p ) is non-zero only when p divides l.
Remark For p = 2 the limits of the sum over n in the lemma can be replaced with the symmetric limits ranging from −(p − 1)/2 to (p − 1)/2. It is this symmetric range that we use in later proofs when p = 3 and p = 5.
Theorem 3.2. The Riemann zeta function at odd integers 4k + 1 other than unity can be written in terms of Lambert series at q = e −2π and e −4π as:
Applying Lemma 3.1 at q = e −2π with p = 2 gives
2), and (3.3) and solving for ζ(4k
completes the proof of the theorem.
Theorem 3.3. The Riemann zeta function at odd integers 4k + 1 other than unity can be written in terms of Lambert series at q = −e −3π , e −4π , and e −6π as:
Remark This formula converges at about 4.09 digits for each additional term in the Lambert series. The first few examples of this theorem are listed in the Appendix. If needed, the Lambert series at q = −e −3π can be replaced by Lambert series at positive only q values using Lemma 3.1 at q = e −6π with p = 2,
However, the result as stated in the theorem is more compact and has the same rate of convergence as the one with positive q values. Similar replacement for Lambert series at negative q values can be made in Theorems 3.4 and 4.3 as well.
Proof. The proof is a generalization of the proof of Theorem 3.2 to the p = 3 case. Applying Theorem 2.1(3) at t = 
(−4k − 1), and ζ(4k + 1) in terms of L −e −3π (−4k − 1), and L e −6π (−4k − 1). Applying Lemma 3.1 at q = e −2π with p = 3 gives Using these five equations to eliminate L e − 2π 3
(−4k−1), and
, and L e −6π (−4k − 1) completes the proof of the theorem.
Theorem 3.4. The Riemann zeta function at odd integers 4k + 1 other than unity can be written in terms of Lambert series at q = e −4π , −e −5π , and e −10π as:
(1 + in)
Remark This formula has a convergence rate of about 5.45 digits per term and is our best result for ζ(4k + 1). The first few examples of this theorem are listed in the Appendix.
Proof. The proof of this theorem is very similar to that of Theorem 3.3. Theorem 2.1(3) is now applied at t = In the previous section we provided formulae for ζ(4k + 1) in terms of Lambert series at q values of the form e −2 n pπ where p was a prime equal to 2, 3, or 5 and n was 0, 1, or 2. In this section we provide an additional class of formulae for ζ(4k +1) using Lambert series with q values of the form e −2 n √ mπ where m is equal to 3, 7, or 15 and n is 0, 1, or 2.
First we state the following two lemmas on which the theorems in this section are based. Both lemmas combine two Lambert series to produce a series with a stronger convergence rate per term. Lemma 4.1. For any s ∈ C the Lambert series at x = 1 satisfies:
Proof. Applying Lemma 3.1 at p = 2 and replacing q with −q gives (4.1)
Now using Lemma 3.1 at p = 2 and replacing q with q 2 gives (4.2)
Solving for L −q (s) in the second equation and replacing it in the first equation above completes the proof.
Lemma 4.2. For any s ∈ C the Lambert series at x = 1 satisfies:
Proof.
Replacing q with √ q and multiplying by i on both sides completes the proof.
Now we state the three formulae for ζ(4k + 1) in increasing order of their convergence rates in the form of the following theorems. as:
, where
Proof. Substituting t = ( 
and θ = cot yields the final result.
Formulae for ζ(4k − 1)
The methods of Section 4 are mirrored with minor variations to produce similar results for ζ(4k − 1) stated in terms of the three theorems below. 
, 
where
Remark This formula for ζ(4k − 1) has a convergence rate of about 3.6 decimal digits per term which is about 0.9 decimal digits per term faster than that of Corollary 2.2. Some examples of this theorem are listed in the Appendix. 
Remark This formula has a convergence rate of about 5.28 decimal digits per term which is the best of our results for ζ(4k − 1). Some examples of this theorem are listed in the Appendix. (1) For s = −(4k + 1) = -1, -5, -9, . . . ,
(2) For s = −(4k − 1) = -3, -7, -11, . . . ,
(1 + δ jk ) .
Proof. The proof follows from making the substitutions t → at and t → t/a in Theorem 2.1 and then combining them with the original result in Theorem 2.1 in the manner stated in the theorem above. The term containing the zeta function at odd arguments, ζ(4k ± 1), is eliminated. The special case of s = −1 is included as the k = 0 case in s = −(4k + 1). The log t term is eliminated in this case.
As examples of Theorem 6.1, odd powers of π can be calculated in terms of the Lambert series at desired q values as stated below.
Example By choosing t = 
L e −2π (−9) + 13365 164
L e −4π (−9).
Example By choosing t = 1 and a = Remark The results for the odd powers of π in the two examples above agree with those listed by Plouffe [7] .
Proposition 6.2. The results of Theorems 3.3 and 3.4 can be combined to produce faster converging series for π 4k+1 (than in the example above) in terms of the Lambert series at q = −e −3π , e −4π , −e −5π , e −6π , and e −10π . For example, 
